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Definition 1:- Consider a linear map T : V — W. Let By = {v1,v2,....,0,}
and By = {wy,wa, ...., W, } form a basis for V and W respectively. For a fixed
vector v; € By we can always write T'(v;) as a unique linear combination of
basis vectors for W. i.e. T(v;) = Y.I" | a;;jw; for some scalars a;; € R. We call
this (a;;) as the coordinates of T'(v;) w.r.t. basis Byy. Note that this (a;;) is a
collection of m no of scalars which can be seen as a column matrix in usual sense.
Similarly we can write the coordinates of T'(v;) for all 1 < j < n. On putting
these obtained coordinates (to be precise n no of coordinates of n vectors in W)
together in a particular order we get a matrix of order m x n (as there are n
column matrices with each matrix containing m no of scalars). We denote this
obtained matrix by [M (T)]g“:/ whose jth column is the coordinates of T'(v;)
w.r.t. basis By .

Hence our [M (T)]g‘v’v looks like

aip -+ Qin

Am1  *° Amn
Let us see an application of this matrix [M (T)}g;fv.
We can uniquely write v € V' as a linear combination of vectors in By. i.e.
n .
v=>) " a;0; . v wrt. By looks like

ay

an,

We denote it by [v]p, . Similarly We can also write T'(v) uniquely as T'(v) =
o byw;. Hence T'(v) w.r.t. By looks like

by
bm

We denote it by [T'(v)]p,,. We claim that [M(T)]g“}’v [v]B, = [T(V)]Bw

Proof:- Let T'(v;) = Y., ¢;jw; such that ¢;; is the ith row and jth column of
matrix [M(T)}g;’v

v=73" av;

= T(v) = T(X7_, ajv;) (applying T' on both sides)

= T(v) =37, a;T(v;) (as T is a linear map)

= i biwi = Z?:l a; (327, cijw;)

= Yt biwi = 300 (000 ajeiw;) (W is distributive over a scalar among
vectors)

= it biwg = 30 (30 ajeij)wi (W is distributive over a vector among
scalars)

= iy biwy = 3070 (307 ajeij)wi (W is associative over addition)

= > biwy = 3000 (307 cijaj)w; (R is commutative over addition)

= 2t (bi = 205 cijag)w; = 0w

=b; = 2?21 cija; for 1 <i < m (as Bw is linearly independent in W)



= b1 = Z;;l c¢;ja;1. This proves our claim.
Let us look at an example.

Consider a linear map R® — R? defined by T(z,y,2) = (z + y,y). By =
{(1,0,0),(0,1,0),(0,0,1)} be basis for R* and By = {(1,0), (0,1)} be basis for
R2. Take v = (1,2,3) € V on direct computation we get T(1,2,3) = (3,2). Let

us try the other way round. (1,2,3) = 1(1,0,0) + 2(0,1,0) + 3(0,0,1). Hence

1
1 0 3
Hence T'(v) = 3(1,0) +2(0,1) = (3,2) which clearly matches with direct com-
putation.
Result 1:-

Consider a vector space V over R. Let B; = {v1,vg,...,v,} and By = {wy, wa, ..., wy}
are two basis for V. Say we know the coordinates of a vector v € V w.r.t. basis
B;. Question that comes obvious to mind that what will be the coordinates of
v w.r.t. basis By. We intuitively consider Identity linear map from V to itself
in a manner that we express coordinates of v w.r.t. basis By and express its
image (which is same as v) coordinates w.r.t. basis By and try to find out how
both of them are related.

I(v;) = v,

= 2 icq bijwi = v;

V=205

= I(v) = I(3_7_; ajv;)

= D Gw; = Z?:l a;vj

= Y Ciw; = E?:l a; (325, bijwi)

= >y (ewi = 350 (30, bijaj)w; (on rearranging)

= ¢ =3 bija;

ie. [M(D]3: s, = p,

Result 2:-

Let U,V and W be three vector spaces. Consider three linear maps 77 : W — V,
U —-W and T3 .U -V such that T oTy =T3. Let By = {ul,...,ur}
be a basis for U, By = {vy,...,v,} be a basis for V and By = {wy, ..., w,} be
a basis for W. We wish to find a relation between [M(Tl)]g‘v/", [M(Tg)]ggv and
[M(T3)]5Y

Claim:- [M(To)] 5, [M(Ty)]5y = [M(T3)]5!

Proof:- For wy, € By, Ti(wg) = Y1y airvi, for u; € By, To(uj) = > 1w brjwg
and for u; € By, T3(Uj) = ZZL:l CijV;

= Z;L:l CijU; = Tg(Uj) = T1 o TQ(’LLj)



=1 (Z;nzl bkjwk)

= 2 k1 b T1 (wy)

= Z;cnzl bkj(Z?:l ik Vi)

=Y (Ope aikbkj)v; (on rearranging)

= ¢ij = Yy @ikbr; (as By form a basis for V)

Definition 2:- Let V' be a vector space over F'. A map T : V — V is said
to be diagonalisable if there exists a basis By for V such that [M(T)]p, is a
diagonal matrix.

Definition 3:- Let V' be a vector space over F. T : V — V be a linear map.
A € F is said to be an eigenvalue of T if there exists © € V' \ {fy} such that
T(xz) = Axz. We call this 2z € V' \ {0y} eigenvector corresponding to eigenvalue
A

Consider E\(C V) ={z € V : T(x) = MAx}. Clearly 8y € E\. Also it follows
from definition that Ey # {0y} iff A is an eigenvalue of T. We claim that E) is
a subspace of V. Take x1,x2 € E),

= T(x1) = Az1 and T(z2) = Az

= T(x1 + x2) = T(x1) + T(x2) = Ax1 + Aza = M1 + x2) (Using linearity of T'
and definition)

=21+ a9 € By

Takex € Ey and o € F = T'(z) = Az

T(az) = oT(x) = a(Ax) = AMax)

ax € Ey. Hence F) is a subspace.

Definition 4:- If A\ is an eigenvalue of T', then E) is called the corresponding
eigenspace of V.

Result 3:- Let A and p be two eigenvalues of T. z(# 0y) € ExNE, iff A= p
Proof:- Let 2(# 0v) € ExNE,. x € Ey = T(x) = Av = px (as € E, also)
= (A—p)z =0y

= A—pu=~0y (as x # Oy)

= A= U.

Let A =y as A is an eigenvalue of T' there exists z(# 0y) € Ex(= E,).

Result 4:- Let = and y be two eigenvectors of T corresponding to two distinct
eigenvalues A\ and p respectively. x and y form a linearly independent set in V.
Proof:- Let x and y are linearly dependent. i.e. there exists atleast one non zero
coefficient in linear combination of these two vectors. Without loss of generality
let @ # 0 in ax + By = Oy :m:%ﬁy

=z € E, (as E, is a subspace of V)

= z(# 0y) (as z is an eigenvector) € Ey N E,,

= A = p (contradiction)

Definition 5:- Let V' be a vector space over F. W < V (< stands for sub-
space). Let a map T : V — V be linear. W is said to be T—invariant if
TW)<W.ie YVweW K T(w)eW.

Examples:- (i) {#} and V are T—invariant.

(ii) ker T and Im T are T'—invariant.

Proof:- Take © € ker T = T'(z) = 0y € ker T.



Take x € Im T = T(x) € Im T (as T'(x) < V)
(iii) B is T—invariant.
Proofi- z € E\ = T(x) = Az € E) (as E\ <V)

Definition 6:- Let V be a vector space over F. Let W < V and U < V.
We say that V' is direct sum of W and U and write W @ U if Vv € V there exists
unique w € W and u € U such that v = u + w.

Definition 7:-We say that T': V' — V has an eigen basis if there exists a basis
such that each vector in the basis is an eigenvector.

Consider a result involving definition 6 and definition 1. A map T : V — V
is diagonalizable iff there exists an eigen basis. Let us try to prove it. Let
T :V — V be diagonalizable over F' and let dim V = n . There exists a basis
By such that [M(T)]p, is a diagonal matrix. We claim that this particular
basis is an eigen basis. Let By = {vy,...,v,} be that basis.

0

j column of the diagonal matrix looks like % |, Hence T(v;) = 0.v1 +

0
.ajvj + 00541 + ... + 0.9, or T(v;) = ajv;. This proves our claim for forward
implication. Similarly we can prove reverse implication.

Result 5:- V = U@ W if V. = U + W and 6y is a unique sum of vectors
mUand W. u+w=0py =>u=0p =w

Proof:- Forward implication is established as we take v in particular 6y. For
reverse implication let there exists ui,us € U and wy,wy € W such that
v =u +w = us +wy = (ug —u2)+ (wg —wsy) = Oy (as U < V and
W<V =u —uy €U and wy —wy € W)

= u; = ug and w; = we. Hence V=U @ W

Result 6:- Let V' be vector space over F' of dimension 2. T : V' — V be linear.
Let A and g be two distinct eigenvalues of T', then T has an eigen basis. More
over V=FE\,®E,.

Proof:- Take z € Ey and y € E,,. By = {x,y} form a linearly independent set
in V by result 4. As dimension of V' is 2, By is in fact a basis for V. Hence
T has an eigen basis. For v € V , v = ax + By where ax € E) and By € E,.
Hence V = E) + Ep. Take u € Ey and w € E, such that u +w = 0y.
=u=—-w=ucE, (as E, is an subspace)

=u€ kN EH

= u =0y (as A and p are distinct from Result-3)

= w=—u=~0y

Hence V=FE, & Eu

Result 7:--Let V=U® W
HifV=U+Wand UNnW = {0y}
(ii) dim V =dim U+dim W



Proof:- (i)Let V=U® W , by definition V=U+W. 2 cUNW , 0y =z —x
= x = Oy (using Result 5)

For reverse implication let V.=U + W and UNW = {0y }. Let x +y = Oy
where (zeUandyeW)=z=—-yeW

zcelUNwW

=z =0y and y = —x = Oy. Form Result 5 it follows that V =U @ W.

(ii) Let By = {u1, ..., un,} and By = {w1,...,w,} be basis for U and W respec-
tively. Our claim is that By U By is a basis for V. Take v € V. v = u+ w (for
some w € W and v € U)

S v= " au+ Z§:1 Bjw; for some scalars «;, 3; € F (as By and By are
basis for U and W respectively)

= v € span (By U Bw)

Consider 7" | au; + 320 Bjw; = Oy

iy qiuy = — (305 Bjw;) e UNW

= Z?:l Bjw; =0y = p; =0 Vj (as Bw is a basis for W)

=Y ou; =0y = a; =0 V) (as By is a basis for V)

By U By is a linearly independent set in V. Hence By U By is a basis for V.
dim U+dim W=dim V (as By and By are disjoint sets. This follows from the
fact that basis By U By contains distinct vectors in V)

Result 8- Let T : V — V and V = U @ W such that both U and W are
T—invariant. Let By = {ui,...,un} and By = {wi,...,w,} be basis for
U and W respectively. By = By U By is a basis for V. We wish to see
how the matrix [M(T)]p, looks like. T(u;) € U for 1 < i < m , T(u;) =
ajur + agus + ... + Qi + 0wy + ... + 0w, ie. [M(T)]|p, will have all
the terms zero after m th row upto m + p th row for 1 < t < m (where ¢
stands for ¢ th column of the matrix. Similarly T'(w;) € W for 1 < i < p ,
T(wl) = 0.u1 +0.ug + ... + 0.2y, + b1;w1 + bojwe + ... + bpiwp ie. [M(T)]BV will
have all the terms zero starting from 1 st row upto m th row for m <t < m+p.

ar o a0 0
. N | B |

So matrix [M(T)]p, = aol aO biy -+ by
0 0 bpr 0 bpp

or [M(T)]g, = ( é g ) where A(size m x m) , B(size p X p) and O(one of

size p x p and another is of size m x m) are block matrices.

Similarly if V= W; @ ... ® Wy where W;s are T'—invariant subspaces of V' with

basis B, respectively. Then we can say there exists a basis By = U¥_ By,
[M(T)] By,

[M(T)]

Bw,

such that [M(T)]p, =

[M (T)]BW,C
where [M(T)] By, 18 the matrix corresponding to the same map restricted to W;
which is T': W; — W,. Other blocks are O of corresponding size.



If A1,..., A are k distinct eigenvalues with Ey, + ...+ E), = V then V =
Ey\, @ ... @ E),. Note that this follows from Result 3.

Result 9:- There exist a polynomial f(X) € R[X]\ {0} with degree less than
equal to n? such that each matrix of size n x n satisfies.
Proof:- Let V = M, (R) , where M, (R) is set of all n x n matrices. It is clear

that dim V = n2. Consider A € V and a set {I, A, A2,..., A"’} C V. It contains
more than n? vectors in V. Hence it is a linearly dependent set in V i.e. there
exists a;s not all zero such that ag + ajA + ... + a2 A" = 0 (0 € V)

= 3f(X) € R[X]\ {0} with degree f(X) < n? such that f(A) =0

Definition 8:- Let A be a square matrix. The polynomial det (A — XT) in
X is called the characteristics polynomial of A. It is denoted by pa(X). Let
pa(X) = (X = A1)™...(X — Ag)™. Then A; (1 < i < k) are the eigenvalues of
A.

Definition 9:- Lt A be a square matrix. We say that m4(X) is the minimal
polynomial of A if m4(A) = O and it is of least degree.

1 01
Consider an example. Let A= 0 1 0

0 0 1
Characteristics polynomial for A is (X — I)3. But A also satisfies (X — I)2.
Hence (X — 2)? is the minimal polynomial of A. i.e. ps(X) = (X — I)® and
ma(X) = (X —1)2

Result 10:-Let T : V. — V Dbe linear. Suppose mp(X) = p(X)g(X) where
p(X) and ¢(X) are relatively prime. V = ker p(T)® ker ¢(T).

Proof:- From Euclids algorithm we know that 3f(X),g(X) € R[X] such that
§(X)f(X) +q(X)g(X) = 1. In particular for T we have p(T) f(T)+q(T)g(T) =
PT)T) + (T)g(T) () = (v
p(T)f(T)(v) + a(T)g(T)(v) =
Gonser a(T)RT)()0) = ST (o KT SO 4(T) com-
mute

= f(T)(0v) (as mp(T) = P(T)q(T) = O where O : V — V is the zero map)

= 0y. Hence (p(T)f(T))(v) € ker ¢(T). Similarly we can show that (¢(T)g(T))(v) €
ker p(T). This shows that V' = ker p(T)+ ker ¢(T')

Consider v # 0y € ker p(T)N ker ¢(T). This implies p(T)(v) = Oy and
A(T)(v) = by

Consider p(T)/(T) + ¢(T)g(T)(v)

= D)) +o(D)alT)(0)

= [(T)(0v) +9(T)(0v)

=6y = I(v) = v (contradiction to v # 6y)

ker p(T)N ker q(T) = {6y }. Hence V = ker p(T)® ker ¢(T).

)

Result 11:-Let T': V' — V be linear. Suppose mp(X) = (X —A1)"™ .. .(X = Ag)™*
be minimal polynomial of T'.

(i) If p(T) = 6y , mp(X) divides p(X). In particular my(X) divides pr(X)
that follows from Cayley Hamilton Theorem.



(ii) If p is an eigenvalue of T, Then u = A; for some i
(ili) V =ker (T — A\)"™ @ ...® ker (T — A\g)™*

Definition 10:- Let V(A) = {v € V : 3k € N such that (T — \)*v = 6y}
is called generalized eigenvalue corresponding to the eigenvalue .

Definition 10:- Let T : V' — V be linear. W < V is called cyclic if 3v € V|
A€ C, ke N such that (T — AI)* = 0y and {v, (T — M), ..., (T — XI)*~1v}
is a basis for W.

Result 12:-(i) Let w be an eigenvector corresponding to eigenvalue p , then
W = span (w) is cyclic.
(ii) Let W be T— invariant and cyclic. Take wy # 0y € W = T(wy) € W
T(w1) = T(wy) — Mwy + Awy = (T — A )wy + wy. Denote (T — A )iwy = wiy1.
T(T—-A)wy) = T(wz) = (T—A)wa+ws. like wise T'(w;) = Aw; +w;41 for 1 <
i <k—1and T(wy) = Awy. Consider T'|y : W — W with basis in reverse order
Al
Al
Al
ie. By = {wg,..,w1}. [M(T)]B, looks like
Al
A
of size k x k . This matrix is called Jordan block of A of size k. It is denoted by

Je(\).

Definition 12:- Let T' : V' — V be linear. T is said to be nilpotent of index
k if there exists k € N such that 7% = O but T*~1 £ O.

Result 13:- Let T' be nilpotent of index k.

Suppose p is an eigenvalue of T'. There exists v # 0y such that T'(v) = pv
0, = T*(v) = pkv

=uF=0=p

By definition there exists w € V such that (v # 0y) = T*tw

= Jv # Oy such that T'(v) = Oy = 0.v

= 0 is an eigenvalue.

Result 14:- let A : V. — V be a nilpotent map on a finite dimensional vec-
tor space over F'. Assume that all the roots of the characteristics polynomial
lies in F. Then there exists a Jordan basis of V' such that [M(T)] w.r.t. that
basis looks like a Jordan block or a matrix whose diagonal consists of Jordan
blocks.

Proof:- We prove this result by induction on dimension of V. If dim V =1 and
as T is nilpotent T'= O. Any non zero vector is a Jordan basis of V. If A = O
and dim V' > 1 any basis of V is a Jordan basis. In this induction we assume
that the result is true for all non zero nilpotent maps on any finite dimensional
vector space with dimension less than n where n > 1. Let dim V =n and A be
non zero and nilpotent. As ker A # {0y} (as A is nilpotent) dim Im A < n. It
is also invariant under A. Restriction of A to W = Im A is again nilpotent on
W. (as W < V). On applying induction hypothesis we get a Jordan basis for



W, say ,By = By, U...U By, where each By, is a Jordan string which acts as a
basis for Jordan blocks inside the Jordan form obtained from basis B under A.
Let By, = {vi1, ..., Vin, } with Av;; = 0y and Av;; = v;;_1 for 2 < n,, of course
ny+ ... +ng = dim Im A.

By is an basis for Im A, the set {v;; : 1 <14 < k} (first elements of the Jordan
string J;) is a linearly independent subset of V' and also subset of ker A. We
extend this set to a basis of ker A, say, {v11, ..., Vk1, 21, ..., 2 }. Each last element
Vin, € J; lies in Im A hence we can find v, 41 € V such that Avn,4+1 = vip, -
Let B; := By, U{vin, 11} and B := U¥_ B; U{z1,...,2.}. We have removed k
no of vectors from basis of Im A (v;18) and included k no of vectors in basis of
Im A(vin,;+18). Using rank nullity theorem we get |B| = n. We claim that B is
linearly independent.

Let (a11v11 + - + G1ny 41010, 41) + - + (Qe1Vk1 + oo + Chng+1V1n,+1) + 0121 +
e+ bTvT = (9\/ (1)

On applying A on both sides we have A([a12v12 + .. + A1n, +1V1n,+1] + - +
[ak2Vk2 + ... + Akng+1Ving+1]) = Oy (as zj,v; € ker A for 1 < j < r and
1<i<k)

Since Avy; = vi—1 for 1 <i<kand 2<j<n;+1, we get

(12011 + - + Q1 41010, 41) + - F (11011 F oo F Q41010 +1) = Ov As vy5's
appearing in this equation are linearly independent we deduce that a;; = 0 for
1<i<kand2<j<n;+1

Thus (i) becomes a11v11 + ... + ag1Vk1 + b121 + ... + bz = 0. Vectors appearing
in this equation are basis for ker A , so all the coefficients in the equation are
zero. As a whole coefficient in equation (i) are zero. Hence B is linearly inde-
pendent. Now we need to show that B is a Jordan basis. B; = {v;1, ..., Vin,+1}
with Av;; = 0y and Avy; = v for 2 < j < n; + 1 is a basis for ¢ th Jordan
block. Jgim = {zm} for 1 < m < r is a basis as well as Jordan block. Hence
we have total k + r no of Jordan blocks in Jordan canonical form of A.

Result 15:- Let T': (V = C™) — V be linear over field C' and M be the matrix
associated with the standard basis. mp(X) splits over C' and let (X — A) be a
linear factor of it. Clearly T'— I is nilpotent. This implies J = C~1(M — \I)C
is of Jordan form associated with the Jordan basis. i.e. C™'MC = J + A is
Jordan form for M.

Result 16:-These are some important features of Jordan form of a linear map
which are helpful in determining the Jordan canonical form.

(i) The sum of sizes of the blocks involving a fixed eigenvalue is equal to the
algebraic multiplicity of that eigenvalue. Where algebraic multiplicity stands
for the multiplicity of the eigenvalue as a root of the characteristics polynomial.
Proof:- Let J be the canonical form of M. M and J are similar. i.e. their
exists an invertible matrix P such that M = P~'JP. Consider M — A\ =
P YJP - P INXIP =P Y (J—-AI)P. det (M — XI)=det (J—XI)as M —\I
is similar to J — AI. i.e. characteristics polynomials of A and J are same. The
eigenvalues of a Jordan block J;(A) is A with algebraic multiplicity k.

(ii) The no of blocks involving an eigenvalue is equals to its geometric mul-
tiplicity, i.e. the dimension of the corresponding eigenspace.
Proof:- Eigenvalue A of similar matrices have the same geometric multiplicity.



In order to show this consider A, B € L(V = C™,C™) and [M(A)],[M(B)] €
M, (C) (matrix w.r.t. standard basis) be similar. Observe that Ey(A) = ker
(A= X)) and E\(B) = ker (B — AI). As A is similar to B there exists an
invertible map P such that A = PBP~!. Take v € E\(A) = (A — X))z = 0y
= (PBP7 ! - \)(z) = P((B—X)(P™'2)) =0y

= (B — M)(P7'z) = 6y (As P is invertible, P is into i.e. ker P = {y})
= P~!(z) € Ex(B)

Similarly taking « € E)\(B) we can show that P(z) € E)(A) and E,(A) and
E\(B) are in bijection. From this it follows that dim E)(A) = E\(B).

Any Jordan block Ji(\) corresponding to A has one dimensional eigen space.
Hence no of blocks involving an eigenvalue is equals to dimension of F) as each
block corresponds to one dimensional eigenspace and total no of blocks corre-
sponds to dimension of E)(J) which is equals to geometric multiplicity of A
corresponding to the original matrix.

(iii) The largest block involving an eigenvalue is equals the multiplicity of the
eigenvalue as a root of minimal polynomial.

Proof :- First of all observe that map T : (V = C*) — C* defined as T(c) =
(Jg(A) = Mgxk)(c) is nilpotent of index k. Let B = {ey, ..., ex} be the standard

basis for C*.
0 1

(M(T)]B = Jk(A) — Mgxk =
1
0
Clearly T'(e1) = 0.eq + ... + 0.e,, = Oy
T(ez) =0e+..+1le_1+ O.ej + ...+ 0.ep = €51 for2<i<k
Tkil(ek) = Tk72(T(€k)) = Tk72(6k_1) = Tki‘g(ek_g) =..= T(eg) =e1 7é Oy
hence TF~! £ O
TF(e)) =Tl e)) =0y fork<k—i+1<lor1<i<k. TF=0
If J = diag (Jpn, (A1), s Jni (Ak)) , then its minimal polynomial is the product
of minimal polynomials of J,,(\;).

Note 1:- Ji(A) looks like ( A ). Let T : V — V be linear. Let M be the
matrix associated with standard basis. Consider a Jordan canonical form J
corresponding to matrix M consisting of Jordan block J; only. Clearly J is a
diagonal matrix. i.e. Jordan basis itself is an eigen basis. As largest block size
is 1 , multiplicity of eigenvalues is 1 i.e. minimal polynomial is a product of
distinct linear factors. For a fixed eigenvalue sum of sizes of the blocks is equals
to the no of blocks (as each and every block has size 1).In terms of geometric
and algebraic multiplicity, they have to be the same for all possible eigenvalues.
Now let M be any matrix associate with standard basis. If M has distinct
eigenvalues, then characteristics polynomial will have distinct linear factors so
also minimal polynomial have distinct linear factors. i.e. M is diagonalizable.
It could be possible that M may not have distinct eigenvalue but M is diag-
onalizable. For that we need to have algebraic multiplicity same as geometric
multiplicity or minimal polynomial is product of distinct linear factors. We can
also say it like this. If minimal polynomial has atleast one repeated linear factor
then M is not diagonalizable.

Problem 1:-



The characteristics polynomial of A is (X — 1)?(X — 2)? and its minimal poly-
nomial is (X — 1)?(X — 2). What is its Jordan form?
Solution :-Sum of sizes of blocks for eigenvalue 1 is 3 and maximum size of
Jordan block for 1 is 2. For eigenvalue 1 there is one J3(1) and one J;(1). For
eigenvalue 2 sum of sizes of the block is 2 with at most single size of the block.
So for eigenvalue 2 there are two J;(2) block. Let J be Jordan form of A.

11
J = = 1

2

Problem 2:- Let A € M,,(C). Prove that A is similar to its transpose AT.
Solution :- Consider S : C™ — C™ defined as T'(c) = Ac. As A € M,,(C) char-
acteristics polynomial splits over C. From result-15 it follows that there exists
a Jordan basis B; for C™ such that matrix associated with this is of Jordan
canonical form. Say it J. As A is the matrix associated with the standard
basis, A and J are similar. There exists P € M,(C) which is invertible such
that A= P~'JP

AT = (P~gP)T = PTJT(P~H)T = (PT)JT(PT)~L1. Hence AT is similar to
JT. Now if we show that .J and J7 are similar we are done. Let there are k no of
Jordan blocks inside J. We denote them as Ji, ..., ;. Let B, be Jordan basis
corresponding to J;. Clearly By = By, U....UBy,. Let By, = {vi1, ..., Vin, }-
Note that J is obtained when vectors in By, are in the specific order as taken.
Take B:h = {Vin,, -, vi1} S0 that B, = BlJ1 U.... UB:]k. JT = [M(S)]Bf]' Hence
there exists a basis for C™ such that J7 = [M(S)]Bf]- J is similar to J7.

Problem 3:- Show that there is no A € M3(R) whose minimal polynomial is
X? + 1 but there is B € Ma(R) as well as C € M3(C) whose minimal polyno-
mial is X2 + 1.

Solution:- A € Mj3(R) its characteristics polynomial is a third degree polyno-
mial. It has atleast one real root. X2 + 1 does not have any real root. Hence
X2 41 can not be the minimal polynomial of A as it contradicts that minimal
polynomial vanishes at roots of characteristics polynomial.

0 -1
TakeA—(1 0 >

Clearly A € My(R) satisfies X2 + 1 and there is no polynomial of degree less
than 2 that A satisfies.

i 0 0

Take A= 0 ¢ O Clearly A € M3(C) and X? + 1 is its minimal poly-
0 0 —i

nomial as 7, —i are the only eigenvalues of A.

Problem 4:- Let A**! = A for some k € N. Show that A is diagonalizable.
Solution :- AF1 = A

= AAK - 1)=0

i.e. either A = O or A satisfies X* — 1 = 0 or k th root of unity. As k th root
of unity are distinct eigenvalues are also distinct. Hence A is diagonalizable.
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Problem 5:- Show that C?qu sing and [ € _Ow are similar.
sing  cosg 0 e

Solution:- On computing we get ¢’® and e~* as two eigenvalues. When ¢ =0 ,
e'® = ¢~ = (. The both matrix turns out to be the same. So they are similar
when ¢ = 0. When ¢ # 0 eigenvalues are different. Minimal polynomial will
be same as characteristics polynomial which is equals to (X — e'®)(X — e~%%).

. e’ 0 L e’ 0 .
Jordan block will be —ip | - As J is similar to A, —ip | 18
0 e 0 e

similar to A = ( cos¢  —sing )

sing  coso

Result 17:-card(A)cerd(B)+eard(C) — cqrd(A)cardB) cqrd( A)cerd(©)

Proof:- We wish to define a bijection from APYC to AB x AC. Let ¢ be such a
map that sends f € ABYC to ¢(f) € AP x AC. f is function from BLIC — A
ie. f(1,b) and f(2,c¢) € A for some (1,b),(2,¢c) € BUC . ¢(f) = (q&?qﬁ?).
o7 € AP ie. ¢F(b) € A. On setting ¢7(b) = f(1,b) will serve our purpose.
Similarly for c € C', (b?(c) = f(1,¢).

For bijection we define 1 : AB x A — ABYC in the manner explained earlier
as ¥7(1,0) = fB(b) and ¥¢(2,¢c) = f(c). Now we need to show that ¢y = I.
Consider ¢(f) where f = (fB, f€) € ABx A, Let g = (f) , #(g) € ABx A®
s0 ¢(g) = (¢7, 95 ). Now 67 (b) = g(1,0) = ¢ (b) = ¥(f(1,) = fZ(b)

= ¢p((f7)(b)) = fP(b)

Similarly we can show that ¢y((f€)(c)) = f€(c). Likewise we can show that
Vo =1

Result 18 - (ca,rd(A)card(B))card(C) — card(A)card(B)card(C)

Proof :- We wish to define a bijection from (A®)¢ to AB*Y. Let ¢ be a map
that sends an element f € (A8)° to ¢(f) € ABXC. So we have a given func-
tion f € (AP)C and we want to send it to ¢(f) € ABXC. As f € (AP)C by
definition of (AZ)¢ | f is a function from C — AP. For an element ¢ € C,
f(c) € AB. By definition , f(c) is a function from B — A i.e. for an element
be B, f(c)(b) € A. Let us consider ¢(f) . ¢(f) is a function from B x C' — A.
For (b,¢) € B x C we wish to send ¢(f)(b, ¢) to an element in A. For a given f
, f(c)(b) € A. Hence by taking ¢(f)(b,c) = f(c)(b) will serve our purpose for a
given f € (AP)C.

Now we need to show that ¢ : (A5)¢ — AB*C is a bijection. In order to show
that we wish to find a function 1 : AB*XC — (AB)Y such that ¢ = ¢yp = I
where I is the identity map to the corresponding domain. Fix a f € AB*¢
, f:BxC = A. For (byc) € BxC , f(be) € A. ¥(f) € (AP)Y ie.
»(f)(c) € AB or ¥(f)(c)(b) € A. So taking ¥(f)(c)(b) = f(b,c) will serve our

purpose.
We need to check whether ¢¢ = ¢1p = I or not. First take (¢(f)) for a fixed

F € (AP)C. (o(£)(bic)) = B(F(c)(b) = F(b,)) for any fixed (b,c) € B x C.

Similarly we can prove ¢ = I
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